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Abstract 

We consider stochastic discrete optimization problems 
where the decision variables are non-negative integers. 
We propose and analyze an on-line control scheme 
which transforms the problem into a “surrogate” con- 
tinuous optimization problem and proceeds to solve the 
latter using standard gradient-based approaches while 
simultaneously updating both actual and surrogate sys- 
tem states. Convergence of the proposed algorithm 
is established and it is shown that the discrete state 
neighborhood of the optimal surrogate state contains 
the optimal solution of the original problem. Numer- 
ical results are included in the paper illustrating the 
fast convergence properties of this approach. 

1 Introduction 

We consider stochastic discrete optimization problems 
where the decision variables are non-negative integers. 
In the context of resource allocation, for example, clas- 
sic problems of this type include buffer allocation in 
queueing models of manufacturing systems or commu- 
nication networks and transmission scheduling in radio 
networks. In the context of Discrete Event Systems 
(DES), integer-valued control variables have proven to 
be very common (e.g., as threshold parameters in many 
control policies), making the issue of optimizing over 
such variables of particular interest. 

Let r E Z+” be the decision vector or “state”. In 
general, there is a set of feasible states denoted by 
Ad such that r E Ad represents a constraint. For 
example, in a typical resource allocation problem, r i  
denotes the number of resources that user i is as- 
signed subject to a capacity constraint of the form 
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Ad = {T  : CE,ri = K } .  In a stochastic setting, 
let &(r, w) be the cost incurred over a specific sample 
path (denoted by w) and J ~ ( T )  be the expected cost of a 
system operating under T .  Then, the discrete optimiza- 
tion problem we are interested in is the determination 
of r* E Ad such that 

In general, this is a notoriously hard stochastic integer 
programming problem. Even in a deterministic set- 
ting, where we may set J ~ ( T )  = L~(T ,w) ,  this class 
of problems is NP-hard (see [14] [12] and references 
therein). In some cases, depending upon the form of 
the objective function J~(T) (e.g., separability, convex- 
ity), efficient algorithms based on finite-stage dynamic 
programming or generalized Lagrange relaxation meth- 
ods are known. Alternatively, if no a priori information 
is known about the structure of the problem, then some 
form of a search algorithm is employed (e.g., Simulated 
Annealing [I], Genetic Algorithms [ll]). When the sys- 
tem operates in a stochastic environment (e.g., in a 
resource allocation setting users request resources at 
random time instants or hold a particular resource for 
a random period of time) and no closed-form expres- 
sion for E,[Ld(r,w)] is available, the problem is fur- 
ther complicated by the need to estimate E,[Ld(r,w)]. 
This generally requires Monte Carlo simulation or di- 
rect measurements made on the actual system. 

While the area of stochastic optimization over con- 
tinuous decision spaces is rich and usually involves 
gradient-based techniques as in several well-known 
stochastic approximation algorithms [13] ,[15], the lit- 
erature in the area of discrete stochastic optimization 
is relatively limited. Most known approaches are based 
on some form of random search (e.g., [16],[8]) or, more 
recently, the use of the ordinal optimization approach 
presented in [9]. For a class of resource allocation prob- 
lems of the form (1), an approach of this type was used 
in [3]. Even though the approach in [3] yields a fast re- 
source allocation algorithm, it is still constrained to it- 
erate so that every step involves the transfer of no more 
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than a single resource from one user to some other user. 
One can expect, however, that much faster improve- 
ments can be realized in a scheme allowed to reallocate 
multiple resources from users whose cost-sensitivities 
are small to users whose sensitivities are much larger. 
With this motivation in mind, it is reasonable to pose 
the following question: Is it possible to transform a dis- 
crete optimization problem as in (1) into a “surrogate” 
continuous optimization problem, proceed to solve the 
latter using standard gradient-based approaches, and 
finally transform its solution into a solution of the orig- 
inal problem? Moreover, is it possible to design this 
process for on-line operation? That is, at every it- 
eration step in the solution of the surrogate continu- 
ous optimization problem, is it possible to immediately 
transform the surrogate continuous state into a feasible 
discrete state r? This is crucial, since whatever infor- 
mation is used to drive the process (e.g., sensitivity 
estimates) can only be obtained from a sample path of 
the actual system operating under T .  

In this paper, we transform the original discrete set Ad 
into a continuous set over which a “surrogate” opti- 
mization problem is defined and subsequently solved. 
As in earlier work in [3], [4] and unlike algorithms pre- 
sented in [12], an important feature of our approach is 
that every state r in the optimization process remains 
feasible, so that our scheme can be used on lane to ad- 
just the decision vector as operating conditions (e.g., 
system parameters) change over time. Thus, at every 
step of the continuous optimization process, the con- 
tinuous state obtained is mapped back into a feasible 
discrete state; based on a realization under this feasible 
state, new sensitivity estimates are obtained that drive 
the surrogate problem to yield the next continuous 
state. The proposed scheme, therefore, involves an in- 
terplay of sensitivity-driven iterations and continuous- 
to-discrete state transformations. The key issue then is 
to  show that when (and if) an optimal allocation is ob- 
tained in the continuous state space, the transformed 
discrete state is in fact r* in (1). 

2 Basic approach 

In the sequel, we shall adopt the following notational 
conventions. We shall use subscripts to indicate com- 
ponents of a vector (e.g., ri is the ith component of 
r ) .  We shad use superscripts to index vectors belong- 
ing to a particular set (e.g., r j  is the j t h  vector of the 
same form as T within a subset of Ad that contains such 
vectors). Finally, we reserve the index n as a subscript 
that denotes iteration steps and not vector components 
(e.g., r, is the value of r at the nth step of an iterative 
scheme, not the nth component of r ) .  

One common method for the solution of this problem is 
to relax the integer constraint on all ri so that they can 
be regarded as continuous (real-valued) variables and 
then apply standard optimization techniques such as 
gradient-based algorithms. The resulting “surrogate” 
problem then is to find p* E A,  so that 

where p E Ry  is a real-valued state, A, is the con- 
vex hull of the original constraint set &, and L,(p,w) 
is the cost function over a specific sample path (de- 
noted again by w )  when the state is p. Assuming an 
optimal solution p* can be determined, this state must 
then be mapped back into a discrete vector by some 
means (usually, some form of truncation). Even if the 
final outcome of this process can recover the actual 
T* in (l), this approach is strictly limited to off-line 
analysis: When an iterative scheme is used to solve 
the problem in (2) (as is usually the case except for 
very simple problems of limited interest), a sequence 
of points {p,} is generated; these points are generally 
continuous states in A,, hence they may be infeasible 
in the original discrete optimization problem. More- 
over, if one has to estimate E,[L,(p,w)J or BEw[G(p’w)l 
through simulation, then a simulated model of the sur- 
rogate problem must be created, which is also not gen- 
erally feasible. If, on the other hand, the only cost 
information available is through direct observation of 
sample paths of an actual system, then there is no obvi- 

this applies to the real-valued p, not the actual cost 
observable under integer-valued r .  

ous way to estimate ~ , [ ~ , ( p , w ) l  or BEw [a> Lc P,W )I, since 

In this paper we propose a different approach intended 
to operate on line. In particular, we still invoke a re- 
laxation such as the one above, i.e., we formulate a 
surrogate continuous optimization problem with some 
state space A, c Ry and Ad c A,. However, at ev- 
ery step n of the iteration scheme involved in solving 
the problem, the discrete state is updated through a 
mapping of the form T, = fn(pn) as p, is updated 
using a stochastic approximation algorithm. This has 
two advantages: First, the cost of the original system 
is continuously adjusted (in contrast to  an adjustment 
that would only be possible at the end of the surro- 
gate minimization process); and second, it allows us to 
make use of information typically used to  obtain cost 
sensitivities from the actual operating system at every 
step of the process. It is important to note that {T,} 

corresponds to feasible realizable states based on which 
one can evaluate sensitivity estimates from observable 
data, i.e., a sample path of the actual system under T,  

(not the surrogate state p,). We can therefore see that 
this scheme is intended to combine the advantages of 
a stochastic approximation type of algorithm with the 
ability to obtain sensitivity estimates with respect to  
discrete decision variables. In particular, sensitivity 
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estimation methods for discrete parameters based on 
Perturbation Analysis (PA) and Concurrent Estima- 
tion [10],[2] are ideally suited to meet this objective. 

3 Continuous- t o-discret e st at e 
transformat ions 

In the sequel we will assume that A, n Z N  = Ad where 
A, is the convex hull of Ad; that is, all the discrete 
allocations contained in A, are feasible. Given a vector 
p E Iwy, we begin by specifying a set Fp of mappings 
f (p ) .  To do so, first define 

I p  = {i I pi E 2,) (3) 
to be the set of components of p (i.e., user indices) that 
are strictly integer. Next, define 

where, for any x E Iw, rx1 and 1x1 denote the ceiling 
(smallest integer 2 x )  and floor (largest integer 5 x )  
of z respectively. Then, let 

F p  = {f If : A, + &,Vi fib) E { f i + ( P > ,  f&W 
f E Fp transforms continuous state vector p E A, into 
a "neighboring" discrete state vector T E Ad obtained 
by seeking [pil or [pi] for each component. Note that 
for all f E Fp and T E Ad, f ( r )  = r.  

Definition 1 The set of all feasible discrete neighbor- 
ing states of p E A, is: 

N(P) = { r  I r = f(P) f o r  Some f E FP) ( 5 )  

Although much of the ensuing analysis applies to any 
constraint set A,, we shall limit ourselves to the com- 
mon case of a total resource capacity constraint: 

N 

A,= p : C p i = K  (6) { i=l I 
In this case, a more explicit and convenient charac- 
terization of the set N(p) is possible by defining the 
residual vector p E [ O , l ) N  of the continuous state p, 
given by /3 = p - [p] where Lp] is the vector whose 
components are LpJ = [pi]. Then, set 

N N N 

m p  = = C ( p i  - LpiJ) =K-C LpiJ (7) 
i=l i=l i=l 

and note that mp E Z+ is an integer with the fol- 
lowing convenient interpretation: If all users are as- 
signed [piJ resources, then mp is the total residual re- 
source capacity to be allocated. Recalling the defini- 
tion of the set I,, in (3), let q = lIpl be the number 

of components of p with strictly integer values. Then, 
m,,c{O, ..., N - q - l } .  

Fp may be interpreted as a set of mappings that allo- 
cate m,, residual resources over all i 4 I,, in addition to 
a fixed integer LpiJ already assigned to i. Let us then 
define F j ( p )  E (0 ,  l ) N  to be the j t h  residual discrete 
vector corresponding ,to some given p which satisfies xEl?i = mp and Fi = 0 for i E I,,. Thus, i"'(p) is 
an N-dimensional vector with components 0 or 1 sum- 
ming up to m,,. It is easy to see that the number of 
such distinct vectors, and hence the cardinality of the 
set N(p),  is (:;g). It follows that we can write, for all 

f j  E FP, 
f j  (P I  = lP1 + i"'(P) (8) 

The following theorem establishes the fact that any p E 
A, can be expressed as a convex combination of points 
r E N(p).  All proofs are omitted but may be found in 
[71. 

Theorem 3.1 A n y  p E A, is a convex combination of 
its discrete feasible neighboring states, i.e., there exists 
a vector a such that 

M M 
p = C a j r j ,  with Caj=l, a j > O V j = l , . . , M  

j=1 j=1 

where M = IN(p)l and ~j E N(p),  j = 1,.  . . , M. 

This result asserts that every p E A, belongs to 
conv (N(p ) ) ,  the convex hull of the feasible neighboring 
state set N(p) defined in ( 5 ) .  We can further limit the 
set of states over which such a convex combination can 
be formed as follows. 

Corollary 3.1 Any p E A, is  a convex combination of 
at most N - q discrete feasible neighboring states, i.e., 
there exists a vector a such that f o r  all j = 1, .., N 

N-9 N-9 
p =  a j r j  with aj = 1, aj 2 0 (9) 

j=1 j=1 

where rj E N(p),  j = 1,. . . , I N ( p ) l ,  q = II,,l. 

Definition 2 N N - g ( p )  is a subset of N ( p )  that con- 
tains N - q (with q = I I,, I) linearly independent discrete 
neighboring states whose convex hull includes p. 

The existence of this set is guaranteed by the previ- 
ous corollary and it plays a crucial role in our ap- 
proach, because the mapping fn(pn) will be an element 
of " - * ( p n ) .  Therefore, it is important to be able to 
identify N - q elements of N ( p )  that satisfy (9), and 
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hence determine N N - ~ ( ~ ~ ) .  The Simplex Method of 
Linear Programming (LP) is suitable for this task. 

Given this “reduced” set of discrete feasible neigh- 
bors of p, N N - ~ ( ~ ) ,  we restrict our original set of 
continuous-to-discrete transformations F,, to 

F,, = {f : f(P) E “--P(P)l (10) 

Note that when the continuous state is p,,, the 
continuous-to-discrete mapping fn will be an element 
of 3,,”. 

4 Construction of surrogate cost 
functions and their gradients 

In the sequel, ‘w’ will be dropped from L~(T,w)  and 
from the “surrogate” cost function L,(p,w) in (2). 
Moreover, unless otherwise noted, all costs will be over 
the same sample path. Since our approach is based on 
iterating over the continuous state p E A,, yet drive the 
iteration process with information involving L d ( T )  ob- 
tained from a sample path under T ,  we must establish 
a relationship between L ~ ( T )  and L,(p) .  The choice of 
L,(p) is rather flexible and may depend on information 
pertaining to  a specific model and the nature of the 
given cost Ld(r). 

As seen in the previous section, it is possible that some 
components of p are integers, in which case the set I,, 
is non-empty and we have q = [I,[ > 0. In order to 
avoid the technical complications due to such integer 
components, let us agree that whenever this is the case 
we will perturb these components to obtain a new state 
fi  such that I8 = 0. In what follows, we will assume 
that all states p either have I,, = 0 or have already 
been perturbed and relabeled p. Since q is going to be 
zero, we will rename N N - ~ ( ~ )  as N N ( ~ ) .  

We shall select a surrogate cost function L,(p)  to satisfy 
the following two conditions: 

(Cl): Consistency: L,(T) = &(T)  for all T E Ad. 

(C2): Piecewise Linearity: L,(p)  is a linear function 
of p over ~ a n v ( N ~ ( p ) ) .  

Consistency is an obvious requirement for L,(p).  Piece- 
wise linearity is chosen for convenience, since manip- 
ulating linear functions over CO~V(NN ( p ) )  simplifies 
analysis, as will become clear in the sequel. Given 
some state p E A, and cost functions L d ( 7 - j )  for all 
rj E “ ( p ) ,  it follows from (C2) and (9) in Corollary 
3.1 that we can write 

N 

U P )  = a j L c ( T 9  (11) 
j = 1  

with E t 1  aj = 1, aj 2 0 for all j = 1, .., N .  Moreover, 
by (Cl), we have 

N 

j = 1  

that is, L, (p )  is a convex combination of the costs of 
N discrete feasible neighbors. Next, in order to use a 
stochastic approximation algorithm, we need sensitiv- 
ity information provided through the sample gradient 
VL,(p)  expressed in terms of directly observable sam- 
ple path data. 

Since L, (p )  is a linear function on the convex hull de- 
fined by the N discrete neighbors in (12), one can write 

N 

L ~ ( P )  = Pipi + PO (13) 
i=l 

for some Pi E R, i = 0 ,..., N .  Moreover, due to  the 
linearity of L,(p) in c m v ( N ~ ( p ) ) ,  we have 

aL, p. = -, i = 1, ..., N 
’ 8 P i  (14) 

For any discrete feasible neighboring state rj E ” ( p ) ,  
one can use (13) and (Cl)  to write 

N 

Ld(rj) = C p i r f  +Po,  j = 1 , .  . . , N  (15) 
i= 1 

Letting VL,(p)‘ = [PI, . . . , p N ]  be the gradient of 
L, (p ) ,  our objective is to obtain an expression for 
P I , .  . . , P N  (not Po) in terms of L d ( d ) .  Note that 
Ld(7- j )  are costs that can be evaluated at feasible states 
rj E “ ( p ) .  These may be obtained by direct simula- 
tion; however, they are not available if a system is op- 
erating on line under one of these states, say T ~ .  This 
is where techniques such as Concurrent Estimation and 
Perturbation Analysis mentioned earlier can be used to 
facilitate this task. 

To obtain expressions for PI,. , . , p,,, in terms of L d ( ~ j ) ,  
let r1 be the current state of the system (without loss 
of generality), and define 

-1 if T; > r: 

0 otherwise 
(16) = j - rt = 1 if T t  < Tf 

(17) 

{ 2 T i  

and 
ALj,l = L ~ ( T ’ )  - L ~ ( T ’ )  

for all i = 1,. . . , N  and j = 2 , .  . . , N .  Using (15), the 
last equation can be rewritten as 

N N 

ALj,1 = x P i ( r !  - T : )  = x , B i d f ”  (18) 
i=l i=l 
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If d l  &(d)  in (17) are observable, then (18) provides 
N - 1 linearly independent equations for the N vari- 
ables pl, . . . , , B N .  An additional equation is obtained 
as follows: In the stochastic approximation algorithm 

Pn+l = Tn+l[Pn - rlnVLc(Pn)l (19) 
let pn+l = pn - qnVL,(pn) be an "intermediate" state 
prior to applying the projection r,+1. In order to force 
/in+l to satisfy the total capacity constraint ( 6 ) ,  i.e., 

we require that 

The combination of (18) and (21) provides N equa- 
tions used to determine unique pl,. . . , p N .  Specifi- 
cally, define the ( N  - 1)-dimensional vector AL' = 
[ A L z J , .  . . , AL,,,] whose components were defined 
in (17), and the (N - 1) x N matrix AR = 
[d211,. . . , dNil]'whose rows are the vectors djyl = 

[ ~ 5 i ~ ~ , . . . , d ? ] '  as defined in (16). We then get from 
(18) and (21) 

Therefore, VL, (p ) ,  the sample gradient to be used as 
an estimate of VJ,(p) in (2), is obtained through the 
N costs L d ( ~ l ) ,  . . . , Ld(rN) .  The sample path at our 
disposal corresponds to one of the state vectors, which 
we have taken to be r1 E " ( p ) ,  so that Ld(rl)  is ob- 
servable; the remaining N - 1 costs therefore need to 
be obtained by some other means. One possibility is to 
perform N - 1 simulations, one for each of these states. 
This, however, is not attractive for an on-line method- 
ology. Fortunately, there exist several techniques based 
on Perturbation Analysis (PA) [lO],[2] or Concurrent 
Estimation [5], which are ideally suited for this pur- 
pose; that is, based on observations of a sample path 
under T ~ ,  one can evaluate Ld(r j )  for states rj # T~ 

with limited extra effort. The efficiency of these tech- 
niques depends on the nature of the system and cost 
function. Systems with separable cost functions, i.e. 

N 

(23) 
i= 1 

is one area where PA techniques prove to be particu- 
larly efficient. In such systems, one can write 

N 

&(p)  &(T') + ALd,i(rl) /pi - T Z  1 (24) 

where ALd,i(rl) is the change in cost by adding or re- 
moving (depending on the sign of p i  - r t )  a resource 
from the ith user (see [7]). 

i=l 

5 Optimization Algorithm 

Summarizing the results of the previous sections and 
combining them with the stochastic approximation al- 
gorithm, we obtain the following optimization algo- 
rithm for the solution of the basic problem in (1). After 
initializing po = T O ,  for each iteration n = 0,1,. . ., 

1. Perturb p n  so that Ip ,  = 0. 
2. Determine N ( p , )  [using (4)-(5)]. 

3. Determine NN(P,) [using the Simplex Method]. 

4. Select fn E Fpn such that r, = fn(pn) = 

5 .  Collect Ld(ri) for all ri E N'(pn) [using Concur- 

6. Evaluate VL,(p,) [using (22)]. 

7 .  Update state: pn+l = T,+I[P, - qnVLc(p,)]. 

8. If some stopping condition is not satisfied, repeat 

a%minr€"(,,) Ilr - Pnll. 

rent Estimation or Perturbation Analysis]. 

steps for n + 1. Else, set p* = pn+l. 

We finally obtain r* as one of the neighboring feasible 
states in the set " ( p * ) .  It is shown in [7] using tech- 
niques similar to [6] that under certain conditions {p,}, 
with po E A, (initial condition) arbitrary, converges to 
p* with probability 1. The following result establishes 
that we can then determine T* E Ad that solves the 
optimization problem (1). 

Theorem 5.1 Let p* minimize L,(p)  over A,. Then, 
there exists a discrete feasible neighboring state r* E 
N N ( p * )  which minimizes L ~ ( T )  over Ad and satisfies 
Ld(T*) = L c ( p * )  

6 Numerical Example 

We illustrate our approach by means of a stochastic op- 
timization application for a classic problem in manufac- 
turing systems. Consider a kanban-based manufactur- 
ing system where 15 kanban (resources) are allocated 
to 3 servers (users) in series. The objective is to find 
the optimal allocation r* that minimizes the Average 
Cycle Time (ACT), defined as the time between two 
job completions at the last server (this is equivalent to  
a throughput maximization problem). The arrival pro- 
cess is Poisson with rate X = 1.6. The service times 
of the servers are exponentially distributed with rates 
p 1  = 2.0, p2 = 1.6, p3 = 3.0. In this case, we chose 
the step size to be constant at q = 100, while the ob- 
servation intervals are increased in length. The system 
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started with an initial allocation rg = [3,5,7]‘ and the 
algorithm performed as follows: 

.. U 

0 
100 

I # iobs I 0’ I r’ I ACT 1 
[2.80,4:90,7.30] [3,5,7] 0.830316 
17.44.2.69.4.871 17,3,51 0.743377 

300 
600 
2100 

L I  I * 

i6.79; 4.02; 4.19i [7,4,4] 0.737032 
[7.81,3.60,3.59] [8,4,3] 0.738288 
17.57.4.64.2.791 17.5.31 0.720974 

25300 
32500 

L I ,  2 

i6.97; 5.64; 2.39j [7,6,2] j 0.724723 
16.75.5.56,2.691 17,5,31 I 0.720611 

Due to noise, r oscillates between three allocations, 
namely [7,5,3]‘, [6,6,3]‘ and [7,6,2]’. Using brute-force 
simulation, it was determined that these are the best 
three allocations with corresponding performance val- 
ues which are very close to each other. 

74100 
316000 

7 Conclusions and Future Work 

a 

i6.32; 5.37; 3.31j [6,6,31 0.712891 
I6.61,5.52,2.871 17,5,31 0.722122 

A key contribution of the proposed surrogate problem 
methodology is its on-line control nature, based on ac- 
tual data from the underlying system. One can there- 
fore see that this approach is intended to combine the 
advantages of a stochastic approximation type of algo- 
rithm with the ability to obtain sensitivity estimates 
with respect to  discrete decision variables. This com- 
bination leads to  very fast convergence to the optimal 
point, as illustrated in Section 6. It appears, therefore, 
feasible to apply this approach to problems with local 
extremal points by developing a procedure that allows 
the algorithm to operate from multiple initial states in 
an effort to  determine a global optimum. 

Two issues that are the subject of ongoing research are 
(a) application of this approach to systems with dif- 
ferent types of constraint sets, other than the capacity 
constraint in (6), and (b) the effect of using the Simplex 
method to determine the set N N - ~ ( ~ )  on the gradient 
estimation. 

References 

Aarts, E. and J. Korst, Simulated Annealing and 
Boltzmann Machines. Wiley, 1989. 

Cassandras, C. G. Discrete Event Systems: Model- 
ing and Performance Analysis. Irwin Publ., 1993. 

Cassandras, C. G., L. Dai, and C. G. Panayiotou, 
“Ordinal optimization for deterministic and 

stochastic resource allocation.,” IEEE Trans. Au- 
tomatic Control, vol. 43, no. 7, pp. 881-900, 1998. 

Cassandras, C. G. and V. Julka, “A new approach 
for some combinatorially hard stochastic opti- 
mization problems,” Proc. of 31st Annual Aller- 
ton Conference on Communication, Control, and 
Computing, pp. 667-676, 1993. 

Cassandras, C. G. and C. G. Panayiotou, “Con- 
current sample path analysis of discrete event sys- 
tems,” Journal of Discrete Event Dynamic Sys- 
tems: Theory and Applications, vol. 9,2, pp. 171- 
195, 1999. 

Chong, E. K. P. and P. J. b a d g e ,  “Conver- 
gence of recursive optimization algorithms us- 
ing ipa derivative estimates,” Journal of Discrete 
Event Dynamic Systems: Theory and Applica- 
tions, vol. 1, pp. 339-372, 1992. 

Gokbayrak, K. and C. G. Cassandras, “Stochastic 
discrete optimization using a surrogate problem 
methodology,” 1999. Submitted. 

Gong, W. B., Y. C. Ho, and W. Zhai, “Stochas- 
tic comparison algorithm for discrete optimization 
with estimation,” Proc. of 31st IEEE Conf. on De- 
cision and Control, pp. 795-800, 1992. 

Ho, Y. C., R. S. Sreenivas, and P. Vakili, “Ordinal 
optimization in DEDS,” J. of Discrete Event Dy- 
namic Systems: Theory and Applications, vol. 2, 
pp. 61-88,1992. 

[lo] Ho, Y. C. and X. Cao, Perturbation Analysis of 
Discrete Event Dynamic Systems. Kluwer Aca- 
demic Publishers, 1991. 

[ll] Holland, J. Adaptation in Natural and Artifi~id 
Systems. University of Michigan Press, 1975. 

[12] Ibaraki, T. and N. Katoh, Resource Allocation 
Problems: Algorithmic Approaches. MIT Press, 
1988. 

[13] Kiefer, J. and J. Wolfowitz, “Stochastic estima- 
tion of the maximum of a regression function,” An- 
nals of Mathematical Statistics, vol. 23, pp. 462- 
466, 1952. 

[14] Parker, R. and R. Rardin, Discrete Optimization. 

[15] Robbins, H. and S. Monro, “A stochastic approx- 
imation method,” Annals of Mathematical Statis- 

[16] Yan, D. and H. Mukai, “Stochastic discrete op- 
timization,” SIAM J o u ~ ~ Q ~  on Control and Opti- 
mization, vol. 30, 1992. 

Inc, Boston: Academic Press, 1988. 

tics, vol. 22, pp. 400-407, 1951. 

1784 


